Abstract. An elementary proof is given, to show that the quartic form X cannot be written as a sum of three squares of real quadratic forms.
Introduction
In [2] B. Reznick conjectured that in the polynomial ring A := R[X 1 , X 2 , · · · , X 2 k ] in 2 k indeterminates, the length of the form
i cannot be written as a sum of less than 2 k squares of homogeneous polynomials over R. This conjecture is evidently true for k=1. In [4] , Yiu establish its validity for k=2:
Theorem 0 (cf. [4] ) The quartic form X The proof of the above theorem in [4] is a geometric argument. The purpose of this note is to give an elementary proof. This is a motivation for us to consider the length of f + X
The length of forms in
The first inequality comes from setting X m+1 = 0, the second inequality is trivial.
Proof. It is
is a sum of two squares in the quotient field of
, but this is impossible by the above Remark.
In the above example, f = (X
Our main result is:
To prove the above theorem, we need the following lemma. 
where
, where a i are quadratic forms in A m , b i are linear forms in A m and c i ∈ R.
Comparing coefficients of the above equation we get the following system of equations in A m :
Since U 2 · U 2 = 1, there is an orthogonal transformation which maps the vector U 2 to (0, · · · , 0, −1) (cf. [1] ). Therefore, we may assume that U 2 = (0, · · · , 0, −1).
Conversely, assume there exist U := (a 1 , · · · , a 
2 . 
and
It follows from l(f ) = 3, that b 
Since f is irreducible, we have f |(b 
It follows from (3) and (4) that 4b 
